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We show that the solution obtained by Bekkar et al. in
their comment [Phys. Rev. A 68, 016101 (2003)] on Guedes’s
work of solving the quantum system with a time-dependent
linear potential is still not the general one of the Schro¨dinger
equation. It is concluded that Bekkar et al.’s solution (corre-
sponding to the linear Lewis-Riesenfeld invariant) and our so-
lution (corresponding to the quadratic-form Lewis-Riesenfeld
invariant) presented here will constitute together a complete
set of solutions (general solutions) of the time-dependent
Schro¨dinger equation of the system under consideration.
PACS number(s): 03.65.Fd, 03.65.Ge
Recently, Guedes used the Lewis-Riesenfeld invari-
ant formulation [1] and solved the one-dimensional
Schro¨dinger equation with a time-dependent linear po-
tential [2], the Hamiltonian of which is H(t) = p
2
2m
+f(t)q
with q and p being the canonical variables. More re-
cently, Bekkar et al. pointed out that [3] the result ob-
tained by Guedes is merely the particular solution (that
corresponds to the null eigenvalue of the linear Lewis-
Riesenfeld invariant) rather than a general one. In the
comment [3], Bekkar et al. stated that they correctly
used the invariant method [1] and gave the general so-
lutions of the time-dependent Schro¨dinger equation with
a time-dependent linear potential [3]. However, in the
present comment, we will show that although the solu-
tions of Bekkar et al. is more general than that of Guedes
[2], what they finally achieved in their comment [3] may
be still not the general solutions, either. On the con-
trary, I think that their result [3] might also belongs to
the particular one. The reason for this may be as follows:
according to the Lewis-Riesenfeld invariant method [1],
the solutions of the time-dependent Schro¨dinger equa-
tion can be constructed in terms of the eigenstates of
the Lewis-Riesenfeld (L-R) invariants. It is known that
both the squared of a L-R invariant (denoted by I(t))
and the product of two L-R invariants are also the in-
variants, which agree with the Liouville-Von Neumann
equation ∂
∂t
I(t)+ 1
i
[I(t), H(t)] = 0, and that if Ia and Ib
are the two L-R invariants of a certain time-dependent
quantum system and |ψ(t)〉 is the solution of the time-
dependent Schro¨dinger equation (corresponding to one of
the invariants, say, Ia), then Ib|ψ(t)〉 is another solution
of this quantum system. So, in an attempt to obtain
the general solutions of a time-dependent system, one
should first analyze the complete set of all L-R invari-
ants of the system under consideration. Historically, in
order to obtain the complete set of invariants, Gao et al.
suggested the concept of basic invariants which can gen-
erate the complete set of invariants [4], as stated in Ref.
[4], the basic invariants can be called invariant genera-
tors. As far as Bekkar et al.’s result [3] is concerned, the
obtained solutions are the ones corresponding only to the
linear invariant (i.e., Il(t) = A(t)p+B(t)q+C(t)) that is
simply one of the L-R invariants constituting a complete
set. It is apparently seen that the quadratic form, Iq(t) =
D(t)p2+E(t)(pq+qp)+F (t)q2+A′(t)p+B′(t)q+C′(t), is
also the one that can satisfy the Liouville-Von Neumann
equation, since it is readily verified that the generators of
Iq(t) form a Lie algebra [5]. However, for the cubic-form
invariant, it is easily seen that there exists no such closed
Lie algebra. This point holds true also for the algebraic
generators in various-power L-R invariants Inl (n > 3).
So, it is concluded that for the driven oscillator, only the
linear Il(t) and quadratic Iq(t) will form a complete set
of L-R invariants. Note that here Iq(t) should not be
the squared of Il(t), i.e., Iq(t) 6= cI
2
l (t), where c is an
arbitrary c-number. The existence of Iq that cannot be
written as the squared of any Il was demonstrated in Ref.
[5]. It is emphasized here that Bekkar et al.’s solution is
the one constructed only in terms of the eigenstates of
the linear invariant Il(t). Even though for the linear in-
variant Il(t) only, Bekkar et al.’s result [3] can truly be
viewed as the complete set of solutions (in a certain sub-
Hilbert-space), it still cannot be considered the general
one of the Schro¨dinger equation, since the latter should
contain those corresponding to the quadratic invariant
Iq(t). In brief, Bekkar et al.’s solution and our solution,
which will be found in what follows, together constitute
the complete set of solutions of the Schro¨dinger equation
involving a time-dependent linear potential.
In accordance with the L-R theory [1], solving the
eigenstates of the quadratic invariant Iq(t) will enable
physicists to obtain the solutions of the time-dependent
Schro¨dinger equation. But, unfortunately, it is not easy
for us to immediately solve the eigenvalue equation of
the time-dependent invariant Iq(t), for Iq(t) involves the
time-dependent parameters. So, in the following we will
1
use the invariant-related unitary transformation formu-
lation [4], under which the time-dependent invariant can
be transformed into a time-independent one IV , and if
the eigenstates of IV can be obtained conveniently, the
eigenstates of Iq(t) can then be easily achieved.
For this aim, we will employ two time-dependent uni-
tary transformation operators
V1(t) = exp[η(t)q + β(t)p], V2(t) = exp[α(t)p
2 + ρ(t)q2]
(1)
to get a time-independent IV . The time-dependent pa-
rameters η, β, α and ρ in (1) are purely imaginary func-
tions, which will be determined in what follows [5]. Since
the canonical variables (operators) q and p form a non-
semisimple Lie algebra, here the first step is to trans-
form Iq(t) into I1(t), i.e., I1(t) = V
†
1 (t)Iq(t)V1(t), which
no longer involves the canonical variables q and p, and
the retained Lie algebraic generators in I1(t) are only p
2,
pq + qp, q2. Here the time-independent parameters in
V1(t) are chosen [5]
η =
EB′ − FA′
2i(E2 −DF )
, β =
DB′ − EA′
2i(E2 −DF )
. (2)
Note that the three generators (p2, pq + qp, q2) in I1(t)
also form a Lie algebra [5]. The second step is to obtain
the time-independent IV , which will be gained via the
calculation of IV = V
†
2 (t)I1(t)V2(t). In this step, the ob-
tained IV has no other generators (and time-dependent
c-numbers) than p2 and q2, namely, IV may be written in
the form IV =
1
2
ς
(
p2 + q2
)
with ς being a certain param-
eter independent of time [5]. For the detailed and compli-
cated derivation of the functions α and ρ, readers may be
referred to Ref. [5]. It is well known that the eigenvalue
equation of IV is of the form IV |n, q〉 =
(
n+ 1
2
)
ς |n, q〉,
where |n, q〉 stands for the familiar stationary harmonic-
oscillator wavefunction. Hence, the eigenstates of the
time-dependent L-R invariant Iq(t) can be achieved and
the final result is V1(t)V2(t)|n, q〉 with the eigenvalue be-
ing
(
n+ 1
2
)
ς .
According to the L-R invariant theory [1], the partic-
ular solution |n; q, t〉S of the time-dependent Schro¨dinger
equation is different from the eigenfunction of the in-
variant Iq(t) only by a phase factor exp
[
1
i
φn(t)
]
, the
time-dependent phase of which is written as (in the unit
h¯ = 1)
φn(t) =
∫ t
0
〈n, q|V †(t′)
[
H(t′)− i
∂
∂t′
]
V (t′)|n, q〉dt′ (3)
with V (t) = V1(t)V2(t). This phase φn(t) can be cal-
culated with the help of the Glauber formula and the
Baker-Campbell-Hausdorff formula [6,7].
The particular solution |n; q, t〉S of the time-dependent
Schro¨dinger equation corresponding to the invariant
eigenvalue
(
n+ 1
2
)
ς is thus of the form
|n; q, t〉S = exp
[
1
i
φn(t)
]
V1(t)V2(t)|n, q〉. (4)
Hence the general solution of the Schro¨dinger equation
(corresponding to Iq(t)) can be written in the form
|Ψ(q, t)〉S =
∑
n
cn |n; q, t〉S , (5)
where the time-independent c-number cn’s are deter-
mined by the initial conditions, i.e., cn = 〈n, q|V
†(t =
0)|Ψ(q, t = 0)〉S.
Thus we found the general solutions of the Schro¨dinger
equation for the time-dependent linear potential, which
corresponds only to the quadratic-form invariant. As
stated above, Bekkar et al.’s solution is not the general
one of the Schro¨dinger equation. Likewise, the solution
obtained here still does not form a complete set of so-
lutions of this time-dependent Schro¨dinger equation, ei-
ther. We conclude that Bekkar et al.’s solution and our
solution presented here will together constitute such a
complete set of solutions of the Schro¨dinger equation.
In addition, Guedes recently stated in his reply to
Bekkar et al. that in order to obtain the general so-
lutions of the time-dependent Schro¨dinger equation one
must follow the L-R invariant theory step by step [8]. I
think that “step by step” may not be the essence of get-
ting the general solutions of Schro¨dinger equation. In-
stead, the key point for the present subject is that one
should first find the complete set of all L-R invariants
of the time-dependent quantum systems under consider-
ation.
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